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Abstract: Ambiguous beliefs may lead to speculative trade and speculative bub-
bles. We demonstrate this by showing that the classical Harrison and Kreps (1978)
example of speculative trade among agents with heterogeneous beliefs can be repli-
cated with agents having common ambiguous beliefs. More precisely, we show
that the same asset prices and pattern of trade can be obtained in equilibrium
with agents’ having recursive multiple-prior expected utilities with common set of
probabilities.

While learning about the true distribution of asset dividends makes speculative
bubbles vanish in the long run under heterogeneous beliefs, it may not do so under
common ambiguous beliefs. Ambiguity need not disappear with learning over time,
and speculative bubbles may persist forever.

∗Preliminary and Incomplete. Much of the work was completed during a visit to the Hausdorff
Research Institute for Mathematics at the University of Bonn in the summer of 2013 in the
framework of the Trimester Program Stochastic Dynamics in Economics and Finance. I am
grateful to Filipe Martins-da-Rocha for conversations that led me to think about the subject of
this paper.
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1. Introduction.

Ambiguous beliefs may lead to speculative trade and speculative bubbles. We

demonstrate this by showing that the classical Harrison and Kreps (1978) example

of speculative trade among agents with heterogeneous beliefs can be replicated with

agents having common ambiguous beliefs. More precisely, we show that the same

asset prices and speculative pattern of trade can be obtained in equilibrium with

agents’ having multiple-prior expected utilities with common set of probabilities.

The key question of Harrison and Kreps (1978) was whether equilibrium prices

in asset markets can persistently exceed all agents’ valuations of the asset where

valuation is defined by what an agent would be willing to pay if obliged to hold the

asset forever. If price exceeds all valuations, then agents who buy the asset must

intend to sell it in the future. They trade for short-term gain and hence engage in

speculative trade.

Harrison and Kreps considered a model of infinite-time asset markets where

risk-neutral agents have heterogeneous expectations about the asset payoffs and

cannot short sell the asset. In their model, equilibrium asset price pt at date t

must satisfy the relationship

pt = max
i

βEi
t [pt+1 + xt+1], (1)

where xt+1 denotes dividend at date t+1, Ei
t stand for date-t conditional expecta-

tion under i’th agent one-period-ahead belief, and β is a discount factor. If beliefs

are such that there is no single agent who is more optimistic at all dates and states

than other agents about the asset’s high dividend next period, then there is no

single agent whose expectation is the maximizing one in (1) at all dates and states.

This property of one-period-ahead beliefs is called perpetual switching, see Mor-

ris (1996). Under perpetual switching, asset prices (strictly) exceed every agent’s

valuation. There is speculative bubble. There is also persistent speculative trade

because the agent whose belief is the maximizing one in (1) holds the asset at date

t while agents whose beliefs give strictly lower expectations sell the asset if they

had some holdings from previous date.

We consider the same model of asset markets except for specification of agents’

beliefs. Instead of heterogeneous but exact beliefs in Harrison and Kreps (1978),
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agents have common ambiguous beliefs described by sets of one-period-ahead prob-

abilities. Their decision criterion is the recursive multiple-prior expected utility -

an extension of Gilboa and Schmeidler (1989) maxmin criterion to dynamic set-

ting due to Epstein and Schneider (2003). Our key observation is that equilibrium

pricing relationship (1) continues to hold with expectation Ei
t of agent i being now

the one-period-ahead belief that minimizes expected value of that agent’s date-

(t + 1) consumption (more precisely, date-(t + 1) continuation utility) over the

set of multiple probabilities. We call those probabilities effective one-period-ahead

beliefs, and they feature in the valuation of agents’ willingness to pay for the asset

if obliged to hold it forever. If there is sufficient heterogeneity of agents’ equilib-

rium consumption plans, then effective beliefs have switching property and - as in

Harrison and Kreps (1978) - equilibrium prices exceed all agents’ asset valuations.

Further, there is speculative trade. Heterogeneity of equilibrium consumption is

generated by heterogeneous initial endowments. Initial endowments play a critical

role under common ambiguous beliefs, in contrast to the case of heterogeneous

beliefs where they do not matter.

Two objections have been frequently raised against Harrison and Kreps’ model

of speculative trade. The first is that it departs from the common-prior assumption.

This objection does not apply to our model. Agents in our model have common

priors, or more precisely, common set of priors. The second is that agents have

dogmatic beliefs and do not learn from observations of realized dividends over

time. In response to this objection, Morris (1996) introduced learning in the model

of speculative trade. He considered an i.i.d dividend process parametrized by a

single parameter of its distribution (probability of high dividend) that is unknown

to the agents. Agents have heterogeneous prior beliefs about that parameter.

Morris (1996) showed that, as the agents update their beliefs over time, their

posterior beliefs will exhibit switching property that leads to speculative trade. It

is a standard result in Bayesian learning (Blackwell and Dubins’ (1962) merging

of opinions) that agents posterior beliefs converge to the true parameter of the

dividend distribution. This implies that asset prices converge to agents’ valuations

as time goes to infinity.

A slightly different model of speculative trade under heterogeneous beliefs with

learning has been studied in Slawski (2008). In his model the dividend process is
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a Markov chain. Agents don’t know the true transition matrix and have hetero-

geneous priors on a set of possible transition matrices. Slawski (2008) provides

conditions under which there is speculative trade in equilibrium when agents up-

date their beliefs. Under fairly general conditions, posterior beliefs converge to true

parameter as time goes to infinity, and asset prices converge to agents’ valuations.

Learning and updating of beliefs can be significantly different under ambiguity

than with no ambiguity. It is well known, see Epstein and Schneider (2007) and

the references therein, that learning with multiple priors may leave some ambiguity

remaining in the long run. Such persistent ambiguity may lead to persistent spec-

ulative bubbles. The dividend process in our version of Harrison and Kreps’ model

can be thought as resulting from a sequence of indistinguishable experiments, see

Epstein and Schneider (2003b). Such experiments give rise to persistent ambiguity

that is unaffected by learning. Morris’ (1996) model of speculative trade under het-

erogeneous beliefs with learning can be replicated with common ambiguous beliefs.

Agents have common set of prior beliefs about a parameter of probability distri-

bution of dividends and endowments. They update their beliefs prior-by-prior in

Bayesian way. If their consumption plans exhibit sufficient heterogeneity, effective

posterior beliefs have switching property and there result speculative trade. The

critical condition is again heterogeneity of agents’ initial endowments. However,

in this case ambiguity about dividend distribution fades away as agents update

their beliefs. This is so because the dividend process is perceived as resulting from

identical - as opposed to indistinguishable - experiments. As in Morris (1996),

asset prices converge to valuations.

In their comprehensive study of the dot.com bubble of 2000-2001 Ofek and

Richardson (2003) concluded that short-sales restrictions and heterogeneity of in-

vestors’ beliefs were the main reasons for the dramatic rise and fall of prices of

internet stocks during that period. Short sales restrictions on internet stocks were

particularly stringent because of the so-called lockups. Their main argument in

support of belief heterogeneity was relatively low level of institutional holdings of

internet stocks. Individual investors tend to have more diverse beliefs. Yet, it is

hard to believe that investors could have so diverse beliefs over a relatively long

period of time. The argument of merging of opinions implies that diverse beliefs

should quickly disappear. Our findings offer a different interpretation of Ofek and
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Richardson’s analysis. Instead of being diverse, investors beliefs could have been

ambiguous but common. Majority of dot.com stocks were new to the market jus-

tifying potential ambiguity of investors beliefs. Ambiguity of beliefs could persist

over a long period of time.

The results of this paper are in stark contrast to the existing literature on

implications of ambiguous beliefs (or ambiguity aversion) on equilibrium in as-

set markets. Inspired by the portfolio-inertia result of Dow and Werlang (1992),

the literature has strived to demonstrate that non-participation in trade by some

agents with ambiguous beliefs may arise in equilibrium. In Cao, Wang and Zhang

(2005) agents have heterogeneous ambiguity and those with the highest degree

of ambiguity opt out of trading risky assets in equilibrium.1 Mukerji and Tallon

(2001) show that ambiguous beliefs concerning idiosyncratic risk may lead to break

down of trade of some assets.

The paper is organized as follows. In Section 2 we review the model of Harrison

and Kreps (1978) of speculative trade under heterogeneous beliefs. In Section 3

we show how the same asset prices and asset holdings can be obtained in equilib-

rium with agents having recursive multiple-prior expected utilities with common

set of probabilities. In Section 4 we extend the model and identify the property

of switching beliefs that is shown to give rise to speculative trade. A model of

speculative trade with learning under ambiguity is presented in Section 5.

2. Speculation under Heterogeneous Beliefs.

The following example is due to Harrison and Kreps (1978). There is a single

infinitely-lived asset with uncertain dividend equal to either 0 (low dividend) or

1 (high dividend) at every date t ≥ 1. Date-0 dividend is equal to zero. Let

S = {0, 1} be the set of states for every date. There are two agents who perceive

the dividend process {xt} as Markov chain with different transition probabilities,

that is, they have heterogeneous beliefs. Transition probabilities are specified by

probabilities of next-period high dividend conditional on current state, qi(s), with

1Further studies of limited participation in trade under ambiguity are Easley and O’Hara
(2009), Illeditsch (2011), and Ozsoylev and Werner (2011).
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the respective probability of low dividend being 1 − qi(s). Suppose that

q1(0) =
1

2
q1(1) =

1

3
, (2)

for agent 1, and

q2(0) =
1

3
, q2(1) =

3

4
(3)

for agent 2. The key feature of transition probabilities (2 - 3) is the property

of switching beliefs: Agent 1 is more optimistic than agent 2 about next-period

high dividend when current dividend is zero, while it is the other way round when

current dividend is one.

Agents are risk-neutral with utility functions over infinite-time consumption

plans given by the discounted expected value

ui(c) = Ei[
∞

∑

t=0

βtct], (4)

where Ei denotes expectation under the unique probability measure on S∞ de-

rived from transition probabilities qi. The common discount factor is β = 0.75.

Consumption endowments don’t matter and are left unspecified. The asset supply

is normalized to one share which is initially held by agent 1. Short selling of the

asset is prohibited in that there is zero short-sales constraint.

In equilibrium, the agent who is more optimistic at any date and state holds

the asset and the price reflects his one-period valuation of the payoff. The less

optimistic agent wants to sell the asset short and ends up with zero holding because

of the short-sales constraint. There exists a stationary equilibrium with asset prices

that depend only on the current dividend. Equilibrium prices, denoted by p(0) and

p(1), obtain from the first-order conditions for the respective optimistic agent,

p(0) = β[(1 − q1(0))p(0) + q1(0)(p(1) + 1)] (5)

p(1) = β[(1 − q2(1))p(0) + q2(1)(p(1) + 1)] (6)

They are

p(0) =
24

13
, p(1) =

27

13
. (7)

Security holdings are

h1(0) = 1, h1(1) = 0, h2(0) = 0, h2(1) = 1. (8)
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The first-order conditions for agent 2 when the dividend is zero and for agent 1

when the dividend is one hold as strict inequalities. Transversality conditions hold,

too.

The discounted expected value of the asset’s future dividends at date t under

agent’s i beliefs is

V i(s) =
∞

∑

τ=t+1

βτ−tEi[xτ |xt = s] (9)

for s = 0, 1. Because of linearity of utility functions, discounted expected value of

dividends is the agent’s willingness to pay for the asset if obliged to hold forever.

Therefore V i(s) may be called the fundamental value.2 If asset price p(s) strictly

exceeds every agent’s fundamental value, then there is speculative bubble. An agent

who buys the asset at price p(s) must be planning to sell it at a future date. Thus,

the agent engages in speculative trade. The difference between the price and the

maximum of fundamental values is termed speculative premium.

Elementary algebra shows that

V 1(0) =
4

3
, V 1(1) =

11

9
, (10)

V 2(0) =
16

11
, V 2(1) =

21

11
. (11)

It holds

p(0) > V i(0) and p(1) > V i(1)

for i = 1, 2. There is speculative bubble in every state at every date.

3. Speculation under Ambiguous Beliefs.

Consider the same asset as in Section 2 with dividends equal to 0 or 1 at every

date, and no short selling. The specification of agents’ endowment is important

here. Suppose that the endowment e1
t of agent 1 can take two possible values 10

and 5 for every date t ≥ 1. Agent’s 2 endowment is e2
t = 15− e1

t . The joint process

(xt, e
1
t ) takes four possible values (0, 5), (0, 10), (1, 5), (1, 10) for every date t ≥ 1.

Those four values constitute the state space Ω at every date. Date-0 state is (0, 10).

2Needless to say, this is a different notion of fundamental value than the one used in the
literature on rational price bubbles, see for example Werner (2012).
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Agents have common ambiguous beliefs that are described by sets of transition

(or one-period-ahead) probabilities. These sets are constructed using the proba-

bilities from Section 2 in the following way. For states (0, 5) and (0, 10), that is,

when the current dividend is zero, the set of transition probabilities is the convex

hull of two probability vectors ((1− q1(0)), 0, q1(0), 0) and (0, (1− q2(0)), 0, q2(0)),

where qi(s) are as in eqs. (2 - 3). Thus

P(0) = co {(
1

2
, 0,

1

2
, 0), (0,

2

3
, 0,

1

3
)}. (12)

Equivalently, P(0) can be described as the set of probability vectors
(

1/2λ, 2/3(1−

λ), 1/2λ, 1/3(1−λ)
)

over all λ ∈ [0, 1]. Note that under the specification (12) the

probability of high dividend next period lies between 1/3 and 1/2, that is, between

q2(0) and q1(0). We discuss this construction of sets of transition probabilities in

more detail in Section 4.

The set of transition probabilities for the event of dividend equal to one obtains

from probabilities q1(1) and q2(1) in an analogous way. It is

P(1) = co {(2/3, 0, 1/3, 0), (0, 1/4, 0, 3/4)}. (13)

Here, the probability of high dividend next period lies between 1/3 and 3/4, or

q1(1) and q2(1).

Agents have identical recursive multiple-prior expected utilities, with linear

period utility, defined by

ut(c, s) = ct(s) + β min
P∈P(s)

EP [ut+1(c)], (14)

where ut(·, s) is date-t utility function in state s. The discount factor is β = 0.75.

Date-0 utility function implied by this recursive relation is

u0(c) = min
π∈Π

Eπ[
∞

∑

t=0

βtct], (15)

where Π is a set of probabilities on S∞ such that conditional one-period-ahead

probabilities at any date t in state s are P(s), see Epstein and Schneider (2003).

We claim that asset prices (7) and asset holdings (8) derived in Section 2

are an equilibrium. To see this consider date-t event where the asset pays zero
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dividend. Transition probabilities that minimize the expected value of agent’s 1

next period continuation utility over all probabilities in P(0) are (1
2
, 0, 1

2
, 0) (see

Appendix). Price p(0) equals the discounted expected one-period payoff under

these probabilities (see eq. (6)). Therefore holding one share of the asset is an

optimal choice of agent 1. Transition probabilities that minimize the expected

value of agent’s 2 next period continuation utility over the set P(0) are (0, 2
3
, 0, 1

3
).

Under those probabilities the discounted expected one-period payoff of the asset

is strictly less than the price p(0). As explained in the Appendix, the optimal

holding of agent 2 is zero.

Consider next the event where the asset pays high dividend. Here, the prob-

abilities that minimize the expected value of agent’s 2 next period continuation

utility over the set P(1) are (0, 1
4
, 0, 3

4
). Since price p(1) equals the discounted ex-

pected payoff under these probabilities (see again eq. (6)), holding one share of the

asset is an optimal choice for agent 2. Probabilities that minimize the expected

value of agent’s 1 continuation utility over P(1) are (2
3
, 0, 1

3
, 0). The discounted

expected payoff of the asset under these probabilities is strictly less than the price

p(1). Holding one share of the asset is an optimal choice of agent 2.

Figure 1 in the Appendix provides graphical intuition (albeit with two states)

for the type of equilibrium we obtained. It makes clear that heterogeneity of agents

endowments, which appears here in a strong form of negative comonotonicity be-

tween e1
t and e2

t , is crucial for speculative trade under ambiguity. The equilibrium

price p(0) is equal to the maximum discounted expected one-period payoff over all

probabilities in the set P(0). The same holds for price p(1) and the set P(1).

An agent’s willingness to pay for the asset if obliged to hold forever can be

calculated as the discounted expected value of future dividends under probabilities

that minimize the expected value of the agent’s next period continuation utility.

Therefore, fundamental values of the asset remain the same V i(0) and V i(1) for

i = 1, 2 as in eq. (11). Equilibrium prices p(0) and p(1) strictly exceed both agents’

fundamental valuations and there is speculative bubble. Speculative premium is

time independent.

4. Belief Switching and Speculation.
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In this section we discuss a generalization of the model of Section 3 that will

be useful for the analysis of learning in Section 5. We maintain for simplicity the

assumptions that there are two agents with endowments as in Section 3 and that

the dividend takes two values 0 or 1. Let st denote a history of dividends from

date 1 through date t, for t ≥ 1. We consider sets of one-period-ahead probabilities

at every date t that are convex hulls of two probability vectors on Ω, Q1
t (st) =

((1−q1
t (st)), 0, q

1
t (st), 0) and Q2

t (st) = (0, (1−q2
t (st)), 0, q

2
t (st)), that depend on the

history of dividends but not on agents’ endowments. The set of one-period-ahead

probabilities in state st is

Pt(st) = co {Q1
t (st), Q2

t (st)}. (16)

The set Pt(st) can be equivalently described as
(

λ(1−q1
t (st)), (1−λ)(1−q2

t (st)), λq1
t (st), (1−

λ)q2
t (st)

)

for all λ ∈ [0, 1]. In the example of Section 3, one-period-ahead probabili-

ties depend only on current dividends and are obtained from transition probabilities

qi(s) given by (2 - 3).

The set Pt(st) has some special properties. First, probabilities of the event of

high dividend next period lie in the interval [min{q1
t (st), q

2
t (st)}, max{q1

t (st), q
2
t (st)}].

Second, probabilities of high endowment (equal to 10) next period lie in the interval

[0, 1]. Thus there is maximal ambiguity about high or low endowment.3

Agents have identical recursive multiple-prior expected utilities with linear pe-

riod utility specified by (14) with time- and state-dependent sets of one-period-

ahead probabilities Pt(st).

Consider an equilibrium consisting of asset prices p and allocations (c1, c2) of

consumption and (h1, h2) of asset holdings. Let P i
t (st) be the probability in Pt(st)

that minimizes the expected value of next-period continuation utility of agent’s i

equilibrium consumption. That is,

P i
t (st) = argminP∈Pt(st)EP [ut+1(c

i)|st]. (17)

We assume that P i
t (st) is unique. We call probability P i

t (st) the effective belief of

agent i at consumption plan ci. Equilibrium prices must satisfy

pt(st) = β max
i

EP i

t
(st)[pt+1 + xt+1|st], (18)

3This extreme ambiguity is not essential for our results, but the presence of some ambiguity
about endowments is essential.
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for every st. The agent whose effective belief is the maximizing one in (18) holds the

asset in event st while the other agent whose beliefs give strictly lower expectation

has zero holding (see Appendix).

Let P̂t(st) denote the maximizing probability on the right-hand side of (18).

Further, let πi for i = 1, 2 and π̂ be probability measures on Ω∞ derived from one-

period-ahead probabilities P i
t and P̂t, respectively. Note that π̂ is the risk-neutral

pricing measure (or state-price process) for p. We apply Theorem 3.3 of Santos and

Woodford (1997) to conclude that equilibrium price of the asset must be equal to

the infinite sum of discounted expected dividends under the risk-neutral measure.

That is,

pt(st) =
∞

∑

τ=t+1

βτ−tEπ̂[xτ |st], (19)

for every st.

The fundamental value of the asset is the sum of discounted expected dividends

under the agent’s effective beliefs. That is,

V i
t (st) =

∞
∑

τ=t+1

βτ−tEπi [xτ |st], (20)

for every st. It follows from eq. (18) that pt(st) ≥ V i
t (st) for every i.

Following Morris (1996), we say that transition probabilities {q1
t (st)} and {q2

t (st)}

exhibit perpetual switching, if for every i = 1, 2 and state st there exists τ > t

and state sτ which is a successor of st such that qi
t(sτ ) < q̂t(sτ ), where q̂t(st) =

max{q1
t (st), q

2
t (st)}.

We have the following:

Theorem 1: If there is perpetual belief switching, then in equilibrium

pt(st) > V i
t (st), (21)

for i = 1, 2 and for all st.

Proof: The unique probability that minimizes the expected value of next-period

continuation utility for agent 1 in state st is Q1
t (st) (see Appendix). That is,

P 1
t (st) = Q1

t (st). Similarly, P 2
t (st) = Q2

t (st). Suppose that q̂t(st) = q1
t (st). Then

asset price (18) in state st at date t is equal to the discounted expected one-period
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payoff under probabilities Q1
t (st) and holding one share of the asset is optimal

for agent 1. This price exceeds the discounted expected one-period payoff under

probabilities Q2
t (st) implying that agent 2 will hold zero shares. If, on the other

hand q̂t(st) = q2
t (st), then price (23) equals the discounted expected one-period

payoff under agent’s 2 minimizing probabilities Q2
t (st) implying that agent 2 holds

one share of the asset. Agent 1 holds zero.

It follows from eq. (18) that

pt(st) ≥
T

∑

τ=t+1

βτ−tEπi [xτ |st] + βT−tEπi [pT |st], (22)

for every st and every T > t. Let sτ be a successor of st such that qi
t(sτ ) < q̂t(sτ ).

For every T ≥ τ , inequality in (22) is strict. In fact, the left-hand side exceeds the

right-hand side by a strictly positive term that does not depend on T. Letting T

go to infinity on the right-hand side of (22) and using (20), we obtain (21). 2

Theorem 1 is a counterpart of Theorem 2 in Morris (1996) for heterogeneous

beliefs (see also Proposition 2.8 in Slawski (2008)). Equilibrium asset prices in

Theorem 1 satisfy the recursive relation

pt(st) = β
[

(1 − q̂t(st))pt+1(st, 0) + q̂t(st)(pt+1(st, 1) + 1)
]

, (23)

where (st, 0) and (st, 1) are the two continuation histories of st at date t+1. Similar

recursive relations for fundamental values of the asset are

V i
t (st) = β

[

(1 − qi
t(st))V

i
t+1(st, 0) + qi

t(st)(V
i
t+1(st, 1) + 1)

]

. (24)

Harrison and Kreps (1978) (see also Slawski (2008)) provide a method of calculating

solutions to pricing equation (23).

5. Speculation and Learning.

In the Harrison and Kreps’ example of speculative trade under heterogeneous

beliefs agents have dogmatic beliefs. They neither update their beliefs nor learn in

any way from past observations of dividends. To address this shortcoming Morris

(1996) introduced learning in the model of speculative trade with heterogeneous

beliefs. He considered an i.i.d dividend process and assumed that the probability of
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high dividend is unknown to agents. Agents have heterogeneous prior beliefs about

the probability of high dividend. Morris (1996) showed that, as the agents update

beliefs over time, their posterior beliefs will exhibit perpetual switching for a large

class of heterogeneous priors. Thus learning generates speculative trade in the

model with heterogeneous beliefs and i.i.d dividend process. It is a standard result

in Bayesian learning (see Blackwell and Dubins (1962)) that conditional posterior

beliefs converge to each other over time. This implies that speculative premium

under learning converges to zero over time. In contrast, speculative premium in

the Harrison and Kreps’ example is time independent.

The model of Morris (1996) of speculative trade under heterogeneous beliefs

with learning can be replicated with common ambiguous beliefs. It provides an

interesting perspective on learning under ambiguity. Suppose that the joint process

of dividends and endowments (xt, e
1
t ) is i.i.d taking values (0, 5), (0, 10), (1, 5), (1, 10)

with e2
t = 15 − e1

t . The true probability distribution of (xt, e
1
t ) denoted by π ∈ ∆4

is not known to the agents. They have prior beliefs about π. Prior beliefs are

probability measures on ∆4, that is, elements of the set of measures M(∆4). Be-

cause of ambiguity, agents do not have unique prior but instead they have multiple

prior beliefs. More specific, there are two priors µ1 ∈ M(∆4) and µ2 ∈ M(∆4).

Each prior µi is a product of two measures µi
1 on the interval [0, 1] of probabilities

of high dividend and µi
2 also on the interval [0, 1] of probabilities of high endow-

ment. Suppose that priors µi
1 have density functions (assumed twice differentiable

and bounded below) on [0, 1] while µi
2 have point supports: µ1

2 is the Dirac mea-

sure δ0 at zero probability of high endowment while µ2
2 is the Dirac measure δ1 at

probability one of high endowment.

Agents update prior beliefs about dividend process using observations of real-

ized dividends. Priors about endowment process cannot be updated. Let θ̄i
t(st)

be the posterior probability of next-period high dividend conditional on observed

history of dividends st at date t derived from prior µi
1. The set of one-period-ahead

probabilities at date t is the convex hull in ∆4 of posterior probabilities derived

from µ1 and µ2. That is,

Pt(st) = co {(1 − θ̄1
t (st), 0, θ̄

1
t (st), 0), (0, 1 − θ̄2

t (st), 0, θ̄
2
t (st))}. (25)

Note that probabilities of high endowment next period lie in the interval [0, 1].
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Agents have recursive multiple-prior expected utilities (14) with linear period

utility function and sets of one-period-ahead probabilities given by (25).

Morris (1996) shows that under fairly general conditions sequences of posterior

probabilities {θ̄1
t (st)} and {θ̄2

t (st)} exhibit perpetual switching. For example, if

one prior is the uniform (or “ignorance”) prior while the second is Jeffreys’ prior,

then there is perpetual switching (see Example 1 in Morris (1996)). It follows from

Theorem 1 that there is strictly positive speculative premium and speculative trade

in equilibrium under such common ambiguous beliefs with learning.

Because prior beliefs about dividends are absolutely continuous with respect

to each other, posterior probabilities of high dividend converge to the conditional

probability under true π (see Marinacci (2002)). This implies that speculative pre-

mium converges to zero as time goes to infinity. In contrast, conditional probabili-

ties of high endowment of agent 1 lie in the interval [0, 1] at every date. Ambiguity

about endowments does not fade away with learning. The reason is that prior

beliefs about endowments have point supports; they are not absolutely continuous

with respect to each other. Those priors represent what the agents perceive as the

worst- and the best-case scenarios, and realized endowments do not affect agents’

perception. Needless to say, persistent ambiguity about endowment distribution

has no effect on speculative premium in this model.

Learning and updating of beliefs can indeed be significantly different under

ambiguity than with no ambiguity. It is well known, see Epstein and Schneider

(2007) and the references therein, that learning in an environment with ambiguity

may leave some ambiguity remaining even in the long run. In the example of

Section 3 agents have time-invariant sets of transition probabilities that depend

- as in an unambiguous Markov process - only on current dividends. These can

be thought of as resulting from a sequence of indistinguishable experiments, see

Epstein and Schneider (2003b). Such experiments lead to persistent ambiguity.
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6. Appendix.

Portfolio choice under ambiguity with risky endowments.

We first explain the features of optimal portfolio choice under ambiguity that our

results of Section 3 rely on in a two-period model.

Consider an agent whose preferences over date-1 state-dependent consumption

plans are described by multiple-prior expected utility with the set of probabilities

P and linear utility function. Date-1 endowment ẽ is risky. There is a single asset

with date-1 payoff x̃ and date-0 price p. At first, we assume that short-sales are

unrestricted.

The investment problem is

max
c0,h

[

c0 + β min
P∈P

EP (ẽ + x̃h)
]

, (26)

subject to c0 + ph = w0,

where w0 is date-0 wealth.

For any date-1 consumption plan c̃ we denote the set of minimizing probabilities

at c̃ by P(c̃) = argminP∈PEP [c̃]. A necessary and sufficient condition for h∗ to be

a solution to (26) is that

min
P∈P(c∗)

βEP [x̃] ≤ p ≤ max
P∈P(c∗)

βEP [x̃] (27)

where c∗ = ẽ + x̃h∗. Note that (27) can be equivalently written as p = βEP [x̃] for

some P ∈ P(c∗). The left-hand and the right-hand sides of (27) are equal if P(c∗)

is singleton which is exactly when the multiple-prior utility is differentiable at c∗.

The proof of (27) is a simple application of superdifferential calculus. We

sketch the argument for completeness. Define function g : ℜ → ℜ by g(h) =

minP∈P EP [βẽ + (βx̃ − p)h]. Function g is concave. A necessary and sufficient

condition for h∗ to be a solution to (26) is that 0 ∈ ∂g(h∗), that is, 0 lies in the

superdifferential of g at h∗. It holds ∂g(h∗) = {φ ∈ ℜ : φ = βEP [x̃]−p for some P ∈

P(c∗)}. We have 0 ∈ ∂g(h∗) if and only if (27).

We focus now on the possibility of the solution being h∗ = 0. If follows from

(27) that h∗ = 0 is a solution to (26) if and only if

min
P∈P(ẽ)

βEP [x̃] ≤ p ≤ max
P∈P(ẽ)

βEP [x̃] (28)
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If (28) holds with strict inequalities, then h∗ = 0 is the unique solution.

If there is zero short-sales constraint in the investment problem (26), then the

optimal investment is h∗ = 0 if and only if p ≥ minP∈P(ẽ) βEP [x̃]. If the inequality

is strict, then h∗ = 0 is the unique optimal investment.

These observations extend the portfolio-inertia result of Dow and Werlang (1992).

If date-1 endowment ẽ is risk-free, then P(ẽ) = P and it follows from (28) that the

optimal investment is zero for all asset prices in the interval between the minimum

and the maximum discounted expected payoff over all beliefs in P .

Figure 1 illustrates the optimal investment under ambiguity with background risk

and zero short-sales constraint. There are two states and consumption takes place

only at date 1. The set of probabilities is P = {(π, 1 − π) : 0.4 ≤ π ≤ 0.6}. The

unique probability measure in P that minimizes the expected value of endowment

e1 = (10, 5) is π1 = (0.4, 0.6). For asset price p = Eπ1
[x̃], holding one share of the

asset - which results in consumption equal to e1+(x̃−p) - is an optimal investments

(as is zero holding). At this price p, the optimal investment for initial endowment

e2 = (5, 10) and subject to zero short-sales constraint is zero. This is so because

p > Eπ2
[x̃] where π2 = (0.6, 0.4) is the probability minimizing the expected value

of e2 over P .

In a two-agent economy where both agents have the set of probabilities P but

one has endowment e1 while the other has e2 and there is unitary supply of the

asset traded under zero short-sales constraint, the equilibrium price of the asset is

p. The first agent holds the asset. Note that p = maxP∈P EP [x̃].

Dynamic portfolio choice under ambiguity.

Consider the recursive multiple-prior expected utility (14). Let ∆ut(c) denote

date-t continuation utility in excess of current consumption, that is,

∆ut(c) ≡ ut(c) − ct.

Let ci and hi be equilibrium consumption and asset holding of agent i. Event-st

plan (ci(st), h
i(st)) must solve

max
c(st),h(st)

[

c(st) + β min
P∈P(st)

EP [ei
t+1 + (pt+1 + xt+1)h(st) − pt+1h

i
t+1 + ∆ut+1(c

i)|st]
]

,
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subject to c(st) + p(st)h(st) = wi(st)

where wi(st) denotes agent’s wealth at st.

Let agent’s i effective belief at ci be

P i
t (st) = argminP∈Pt(st)EP [ut+1(c

i)|st]. (29)

A necessary condition for hi(st) to be a solution is

min
P∈P i

t
(st)

βEP [(pt+1 + xt+1)|st] ≤ pt(st) ≤ max
P∈P i

t
(st)

βEP [(pt+1 + xt+1)|st] (30)

If there is unique effective belief P i
t (st), then (30) simplifies to eq. (18). Because

Pt(st) of eq. (16) is a polyhedral set, there is a unique minimizing probability in

(29) for almost every continuation utility.

The set of effective beliefs P i
t (st) can be characterized as follows. First, it

is easy to see that the probability that minimizes the expected value of next-

period endowment of agent i is Qi(st). Continuation utility ut+1(c
i) differs from

endowment by the term (pt+1 + xt+1)h
i(st) − pt+1h

i
t+1 + ∆ut+1(c

i). The first part

(pt+1 + xt+1)h
i(st)− pt+1h

i
t+1 is the net-payoff of portfolio strategy. It depends on

dividends, but not on the agent’s endowment. The same holds for excess continua-

tion utility ∆ut+1(c
i). It depends on dividends, but not on the agent’s endowment.

Therefore the minimizing probabilities for next-period continuation utility are the

same as those for next-period endowment. Therefore agent’s i effective belief is

Qi(st).
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Figure 1: Equilibrium under ambiguity

18



References

Blackwell, D. and L. Dubins, “Merging of Opinions with Increasing Information,”

The Annals of Mathematical Statistics, 33, (1962).

Cao, H., Wang, T. and H. Zhang, “Model Uncertainty, Limited Market Participa-

tion and Asset Prices,” Review of Financial Studies. (2005), 1219–1240.

Dow, J. and S. da Costa Werlang “Uncertainty aversion, risk aversion, and the

optimal choice of portfolio,” Econometrica, 60:197-204, 1992.

Easley, D. and M. O’Hara, “Ambiguity and Nonparticipation: The Role of Regu-

lation,” Review of Financial Studies, 22, 593–624, 2009.

Epstein, L. and M. Schneider, “Recursive Multiple Priors,” Journal of Economic

Theory 113, (2003), 1-31.

Epstein, L. and M. Schneider, “IID: Independently and Indistinguishably Dis-

tributed,” Journal of Economic Theory 113, (2003b), 32-50.

Epstein, L. and M. Schneider, “Learning under Ambiguity,” Review of Economic

Studies. (2007), 1275–1303.

Gilboa, I. and D. Schmeidler, 1989, “Maxmin expected utility with nonunique

prior,” Journal of Mathematical Economics, 18, pp. 141-153.

Harrison, M. and D. Kreps, “Speculative Investor Behavior in a Stock Market with

Heterogeneous Expectations,” Quarterly Journal of Economics , 42, (1978),

323–36.

Illeditsch, Ph. “Ambiguous Information, Portfolio Inertia, and Excess Volatility,”

Journal of Finance, 66:2213-2247, 2011.

Ljungquist A. and W. Wilhelm, “IPO Pricing in the Dot-com Bubble,” The Journal

of Finance, 43, (2003), 723–751.

Marinacci, M. “Learning from Ambiguous Urns” Statistical Papers, 43, (2002),

145–151.

Morris, S. “Speculative Investor Behavior and Learning,” Quarterly Journal of

Economics , 42, (1996), 1111–1133.

Mukerji S. and J.M. Tallon (2001), “Ambiguity Aversion and Incompleteness of

Financial Markets,” Review of Economic Studies, 68, 883–904.

Ofek, E. and M. Richardson, “DotCom Mania: The Rise and Fall of Internet Stock

Prices,” The Journal of Finance, 43, (2003), 1113–1137.

Ozsoylev H. and J. Werner, “Liquidity and Asset Prices in Rational Expectations

Equilibrium with Ambiguous Information,” Economic Theory, 48, 469-491,

19



2011.

Santos, M., and M. Woodford, “Rational Asset Pricing Bubbles,” Econometrica,

65, (1997), 19–57.

Scheinkman, J. A. and W. Xiong (2003). “Overconfidence and speculative bub-

bles.” Journal of Political Economy, 111(6), 1183–1219.

Slawski, A. “The Dynamics of Speculative Bubbles under Learning” Working Pa-

per, Penn State University, 2008.

Walley, P. Statistical Reasoning with Imprecise Probabilities,” Chapman and Hill,

1990.

Werner, J. (2012), “Rational Price Bubbles and Debt Constraints,” Working Paper,

2012.

20


