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Abstract. I study the role of intellectual property rights (IPRs)

in a model of endogenous growth with sequential innovation. The

model mimics the innovation process in hi-tech sectors where many

of the techniques and products used in R&D are recent discover-

ies themselves. Depending on the structure of the patent system,

some of these discoveries might still be protected by a patent. In

this context IPRs affect both the revenues and the cost of the in-

novation. I use a dynamic general equilibrium model to study the

efficient patent length and its properties.

1. Introduction

Technological progress, especially in hi-tech sectors, is widely rec-

ognized as one of the main forces behind economic growth. In these

sectors innovation is sequential, meaning that new products build upon

existing ones.
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This is evident when the new good is an improvement over exist-

ing products. It is also true when the discovery of the new good re-

quires the use in R&D of research inputs which are previous discoveries

themselves. In hi-tech sectors the number of these research inputs often

grows large. Patent pools constitutes considerable evidence of this phe-

nomenon. A patent pool is an agreement between two or more patent

holders to license one or more of their patents together as a package.

The first patent pool was formed in 1856 around intellectual prop-

erty conflicts in the sewing machine industry. Other important patent

pools are those on movie projectors in 1908, on aircrafts in 1917, on

radio in 1924, and many more until the most recent one on Blue-ray

Disc promoted by MPEG LA in 2007. Some of these patent pools are

composed by an incredibly high number of patents: the MPEG2 pool

contains more than 600 patents by 25 patent holders. In the absence of

a patent pool, the innovator has to purchase a high number of research

inputs from different patent holders. This was the case of Golden Rice,

whose discovery required the use of around forty patented products

and processes (Graff, Cullen, Bradford, Zilberman, and Bennett 2003).

Or the development of a malaria vaccine based on the MSP1 protein,

that would infringe upon 39 patent families (Commision on Intellectual

Property Rights 2002).

These examples show that Intellectual Property Rights (IPRs) affect

both the cost and the revenues of the innovator. Therefore the widely

believed view that stronger IPRs increase the incentives to innovate

no longer holds. This intuition is at the basis of the literature on

sequential innovation initiated by Scotchmer (1991). This literature,

with the contributions of Green and Scotchmer (1995), Chang (1995),
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Scotchmer (1996), and many others, uses two stage innovation models

where the first innovation builds the foundations for the second one.

It then studies how the optimal patent policy should be designed in

order to redistribute profits between the two innovators, so that all

the socially valuable innovations are performed. Through static partial

equilibrium models, this literature analyzes carefully the effects of IPRs

on the profitability of innovation.

The literature on endogenous growth, on the other hand, focuses on

the dynamic effects of R&D and innovation on growth. The contribu-

tion of this literature has been to make technological progress the result

of agents’ rational economic decisions. The papers of Romer (1990),

Aghion and Howitt (1992), Grossman and Helpman (1991), just to

cite a few, have brought fundamental insights on the relationship be-

tween R&D and economic growth. This literature also recognizes the

cumulative nature of innovation, with each innovation building upon

the previous one. In these models knowledge is freely available to each

subsequent innovator, so that the IPRs policy does not affect the cost

of innovation. It does however affect the revenues of the innovator. In

this context the incentives to innovate are monotonically increasing in

patent length, hence the adoption of an infinite patent life policy.

Therefore there are two separate streams of literature: the one on

sequential innovation studies in depth the effects of IPRs on innovation

by means of static partial equilibrium models. The one on endogenous

growth uses dynamic general equilibrium models to study the effects

of innovation on economic growth, but it is not concerned with the
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response of innovation to different IPRs policy. In order to fully un-

derstand how patent policy can stimulate economic growth, there is a

need to build a bridge between these two literatures.

Surprisingly, no attempt has been done yet in this sense. There is

a growing literature on optimal patent length, but this literature is

mostly concerned with a different issue. These models assume that the

incentive to innovate is strictly increasing in patent length, and then

study the trade-off between the growth enhancing effect and the static

inefficiency of the monopoly provided by the patent. Judd (1985) finds

that, under certain conditions, infinite patents achieve the efficient rate

of growth. This is because when all goods are patented and priced the

same, the marginal rate of substitution still equals the marginal rate

of transformation and the inefficiency disappear. The same conclusion

does not hold true for finite patent length: in this case goods whose

patent is expired are priced at marginal cost, while patent protected

goods are sold at a mark-up over the marginal cost. Futagami and

Iwaisako (2007) reverse this result and find that the optimal patent

length is finite. This is because they add labor in the production func-

tion of the final good. Therefore, even if all intermediate goods are

priced the same in the infinite patent case, there is an inefficiency in the

choice between labor and intermediate goods. Acemoglu and Akcigit

(2007) expand the analysis to include state-dependant IPRs. They find

that patent policy should depend on the technological gap between the

leading firm and the followers. O’Donoghue and Zweimuller (2004) as-

sume infinite patent length and focus on policy instruments other from

patent length. In particular they examine in depth the patentability

requirement and the leading breadth. All these papers, while clarifying
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many aspects of the role of patent policy in growth, do not take into

account the sequential nature of innovation.

To the best of my knowledge this is the first paper studying sequen-

tial innovation in a dynamic general equilibrium model where IPRs

affect both the cost and the revenues of the innovation. In this paper

I develop a model of endogenous growth with cumulative innovation,

where the innovator has to use a generic number n of research inputs in

R&D in order to come up with a new product. The n research inputs

are previous innovations, so that the model is a dynamic general equi-

librium version of Llanes and Trento (2007). The R&D success rate

follows a stochastic poisson process, meaning that the time of innova-

tion is uncertain. In this context patent length plays a central role:

by the time R&D takes place, patents on some of the research inputs

might have expired. Thus, depending on patent length, a fraction of

the research inputs might be sold at a competitive price. The bigger

this fraction, the lower - ceteris paribus - the cost of R&D. But reduc-

ing patent length also reduces expected revenues from the innovation.

This trade off is the central theme of the paper.

I find that the infinite patent length always provides a less than op-

timal research effort in the steady-state equilibrium. This result is new

with respect to the existing literature on quality based growth. This

literature finds that infinite patents might lead to an equilibrium rate

of innovation that can be slower, equal or faster than the optimal one.

The new result of this paper stems from the fact that the model takes

into account the effect of IPRs on the cost of the innovation. The R&D

effort is hump-shaped as a function of patent length and there exists

an optimal length, which is finite; a finite patent length increases the
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equilibrium level of innovation relative to an infinite patent. Also in

this case, though, the steady state level of innovation is always below

the one a benevolent planner would choose. In other words, a varying

patent length is not a good policy instrument to achieve the socially

optimal rate of innovation. I finally perform some simulations to study

the characteristics of the optimal patent length. I find that it is decreas-

ing in the size of the market for the new good. This result is in line with

the static analysis of Boldrin and Levine (2005) and it is relevant in

the context of the recent discussions about introducing an IPRs system

in developing countries. It means that, if the current patent length in

advanced countries is optimal, enforcing IPRs in developing countries

should be accompanied by a reduction of patent length in developed

countries.

The rest of the paper has the following structure: in section 2 I

set up the model to be used throughout the paper. Section 3 studies

the efficient R&D effort as the solution to the social planner problem.

Section 4 analyzes the decentralized equilibrium with infinite patent

length, and compares it to the efficient one. In section 5 I study the

decentralized equilibrium with finite patent life, and I analyze the op-

timal patent length and its characteristics. Then in section 6 I draw

some conclusion and policy implications of this model.

2. The Model

The structure of the model is a classical endogenous growth model, in

line with Grossman and Helpman (1991). In this framework I introduce

a technology for R&D that mimics the innovation process of hi-tech

sectors, where many R&D inputs are previous innovations themselves.

R&D effort depends on the access to these previous discoveries, which
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in turns depends on the IPRs policy. This structure allows me to study

the optimal patent length in a decentralized equilibrium.

Environment. Time is continuous and denoted by τ . There is

one final good supplied in j different qualities, where j is an integer

number and it is expanding with innovation. Each innovation increases

the quality of the good by a factor γ > 1. I denote quality j by qj,

therefore qj = γs qj−s.

There is a mass L of identical households, each provided with one

unit of labor that he supplies inelastically in exchange for a wage w.

Households only derive utility from the consumption of the final good.

Preferences. Households’ utility is increasing in both the quality

and the quantity of the good consumed. Let dj be total consumption

of quality j good, then lifetime utility of the representative household

is:

(1) U =

∫ ∞
0

e−βτ log

[∑
j

γj dj(τ)

]
]dτ

where β is the subjective discount rate.

Technology. Labor is the only input in the production of goods on

any quality. The production function is linear, with one unit of good

requiring one unit of labor to be produced, independently of its quality:

(2) xj = lj

R&D. Quality improvement, as the source of economic growth, is

determined endogenously by R&D. I build the R&D production func-

tion taking into account two intrinsic features of hi-tech sectors: (i)

innovation is sequential, meaning that new goods are built upon ex-

isting goods; (ii) a large number of recently discovered techniques and
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products are used in research. In order to catch these features I assume

that innovation requires the use in R&D of n lower quality goods. In

particular I assume that the discovery of quality j + 1 requires the use

in R&D of qualities j − 1, ..., j − n. The R&D effort for the j + 1

innovation is measured as follows:

(3) yj+1 = A

(
j−1∑
i=j−n

xi
ρ

) 1
ρ

where A is a scale parameter, xi is the amount of quality i good used

as input in R&D, and ρ ∈ [0, 1] is a parameter related to the substi-

tutability between inputs. In what follow I set A = n(ρ−1)/ρ in order

to eliminate increasing returns from specialization. Therefore y only

depends on the total amount of inputs used 1.

All firms share the same R&D technology (3). Innovation is char-

acterized by uncertainty.: the time of the discovery of a new product

follows a Poisson process. The bigger the research effort, the higher

the instantaneous probability of discovering a new good, λy. Because

of this, the expected time between the discovery of quality j − 1 and

quality j is 1
λ yj

. Notice that because (3) is a constant returns to scale

technology, and because the sum of N poisson processes with param-

eter λ is a poisson process with parameter N λ, the number of firms

engaging in R&D is irrelevant.

3. Social Planner

The social planner has to allocate resources efficiently between the

production of goods for consumption and goods to be used in R&D.

The total amount of resources (labor) is L.

1In most models of monopolistic competition A = 1. This implies that, for a fixed
amount of total input X = n x, output is increasing in n, see (Romer 1987)
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The planner maximizes (1), subject to the production technology

(2), the R&D technology (3), and the resource constraint L =
∑j

i=0 li

Since all goods share the same technology, the planner will choose

to produce only the highest quality good (j) for consumption. Also,

because R&D is a concave and symmetric technology, he will choose to

use the same quantity of each input: xj−1 = ... = xj−n = x. Substitut-

ing this choice of inputs in (3), the research effort becomes: yj+1 = nx.

Also, since qualities j − n− 1, ..., 0 are not used in consumption nor in

R&D, it is efficient not to produce them at all.

The resource constraint becomes L = lj + yj+1, where lj and yj+1

are the amount of resources used in the production of the consumption

good and in R&D respectively. It follows that total quantity produced

of the consumption good is dj = L−yj + 1. Therefore the optimization

problem for the planner is:

(4) max
yj+1

E(U) = E

∫ ∞
0

e−βτ log [qj(τ) (L− yj+1(τ))]]dτ

Expected utility is separable in quality qj(τ) and quantity (L− yj+1(τ)),

and it is easier to work with them separately. Expected utility in qual-

ity is E(Uq) = E
∫∞

0
e−βτ log [qj(τ)]]dτ . Given that innovation follows

a Poisson process with arrival rate λ y,

E

∫ ∞
0

e−βτ log [qj(τ)]]dτ =
q0

β + λy
+
λy log(γ q0)

(β + λy)2
+

(λy)2 log(γ2 q0)

(β + λy)3
+ ...

=
log(q0)

β + λy

∞∑
i=0

(
λy

β + λy

)i
+
log(γ)

β + λy

∞∑
i=0

i

(
λy

β + λy

)i
=

log(q0)

β
+
λy log(γ)

β2

Expected utility in quantity is E(Ud) = E
∫∞

0
e−βτ log [L− yj+1(τ)]]dτ =

log(L−y)
β

. Setting q0 = 1 we have that total expected utility E(U) =
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E(Uq) + E(Ud) is:

(5) E(U) =
1

β

λy log(γ)

β
+ log(L− y)

The planner faces a trade-off between more consumption today and a

more valuable consumption tomorrow. Maximizing (5) with respect to

the constant research effort y, gives the following first order condition:

(6)
λ log(γ)

β
=

1

L− y

This condition states that the marginal benefit of employing re-

sources in R&D (the lhs) must equal its marginal cost (the rhs). The

marginal benefit is increasing in the Poisson parameter λ, which sets

the pace of innovation and in γ, the quality step. Not surprisingly it is

decreasing in the subjective discount rate. The marginal cost, on the

other hand, is decreasing in L and increasing in y. I will comment on

these relationships below. Solving (6) for y, the following proposition

holds:

Proposition 1 (Planner Allocation). The optimal amount of research

effort in the steady-state equilibrium is y∗ = L− β
λ log(γ)

. This is increas-

ing in total labor (L), the size of quality step (γ) and the effectiveness

of R&D (λ). It is decreasing in the subjective discount rate (β).

These relationships are all very intuitive. Some comments on ex-

pected welfare (5) follow: welfare is decreasing in β which is to be

expected, since β is a measure of impatience discounting future utility.

Also the positive effect of λ on welfare is not surprising: λ can be con-

sidered as a measure of R&D complexity, where lower values of λ are

related to more complex R&D processes. Increasing λ will increase the
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effectiveness of R&D (will reduce its complexity) reducing economic

growth as a consequence. The last comment is on the effect of total

labor supply on growth. In this model, which builds on first generation

models of economic growth, there is a scale effect just as there is one

in its predecessors. In this model the channel is the opportunity cost

of employing resources in the R&D process: the opportunity cost is

the foregone marginal utility. Marginal utility is decreasing in quan-

tity, therefore increasing L reduces the marginal cost while leaving the

marginal revenues unaffected. In order to balance this effect and bring

(6) back to the equilibrium, y must increase.

4. Decentralized Equilibrium With Infinitely Lived

Patents

This section analyzes the decentralized steady-state equilibrium level

of the R&D effort. This level is determined by the interaction of con-

sumers, innovators and input producers (previous innovators).

Representative Consumer. The consumer maximizes total life-

time utility

(7) U =

∫ ∞
0

e−βτ log

[∑
j

qj dj(τ)

]
]dt

Given preferences, at each point in time the consumer only consumes

the good with the lowest pj/qj ratio, where pj is the price of quality j.

I assume that, when faced with goods of the same price/quality ratio,

the consumer prefers the good with highest quality. Let E =
∑

j pj dj

be total expenditures, then at each point in time consumer demands

dj = E/pj of the good with lowest price/quality ratio, and zero of the

rest of the goods.
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Consumer maximizes (7) subject to the intertemporal budget con-

straint: ∫ ∞
0

e−rτE(τ)dτ ≤ A(0)

where A(0) represents the discounted value of the stream of factor

incomes, and r is the instantaneous interest rate. The solution to the

consumer maximization problem is:

(8)
Ė

E
= r − β

so, when the interest rate equals the discount rate, consumption

expenditures are constant in time.

Innovator. The innovator chooses the research effort y to maximize

expected profits. When engaging in the discovery of the j + 1 quality,

he solves:

(9) max
yj+1

Π = λ yj+1Vj+1 − cj+1(yj)

where cj+1 is the cost of performing yj+1 level of R&D, Vj+1 denotes

total profits from selling quality j + 1 in case the R&D process is suc-

cessful, and again λ yj+1 is the instantaneous probability of innovation.

Later on we will make Vj+1 explicit, as a function of production technol-

ogy, patent policy, and R&D technology. For now it is only important

to know that Vt+1 is the sum of (i) the profits from being the qual-

ity leader in the final good sector, plus (ii) the profits from being the

supplier of one of the n inputs used in the R&D process.

The innovator maximizes (9) in two steps: first, given prices of qual-

ity i, for i = j − 1, ..., j − n, he derives conditional factor demands for
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the corresponding inputs xi in order to minimize cj+1:

cj+1 = minxi
∑j−1

i=j−n pi xi(10)

s.t. n
ρ−1
ρ

(∑j−1
i=j−n xi

ρ
) 1
ρ ≥ yj+1

Solving (10) we get the conditional factor demands, and the cost

function of R&D effort:

xi = n−
1

1−σ p−σi

(
j−1∑
i=j−n

p1−σ
i

) σ
1−σ

yj+1(11)

cj+1 = n−
1

1−σ

(
j−1∑
i=j−n

p1−σ
i

) 1
1−σ

yj+1

where σ = (1− ρ)−1 is the elasticity of substitution between inputs.

After deriving conditional factor demands, the innovator maximizes

(9). Because of constant returns to scale and free entry, the first order

condition equals the zero-profit condition:

(12)
∂cj+1

∂yj+1

= λVj+1

Note that, because of constant returns in R&D, the number of firms

engaging in research is indeterminate.

Balanced Growth Path. Input producers set the usual monopo-

listic competition price pi = σ w
σ−1

, and since the R&D production func-

tion is symmetric they all set the same price pi = p. Since all inputs

are priced the same, and because of symmetry and concavity of (3),

the innovator will demand the same quantity of each input. In fact,

substituting p into the conditional demand (11) we get xi = yj+1/n

for i = j − n, ...j − 1. Also, substituting p into the cost function of

R&D and solving the zero profit condition (12) for Vj+1, we obtain the
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following expression:

(13) V =
σ w

(σ − 1)λ

which we will use later to find the equilibrium value of the R&D ef-

fort in the balanced growth path. Since V depends only on constant

parameters and on the numeraire w, I removed the subscript j + 1.

In equilibrium, instantaneous profits of the inputs producers are:

(14) Πip = (pi − w)xi =
w yj+1

n (σ − 1)

The successful innovator is the quality leader in the market for the

consumption good. His quality qj+1 is γ times bigger than the previous

innovation’s quality qj. Since consumers only consume the quality with

the lowest pi/qi ratio, the innovator maximize profits by setting a price

that is γ times higher than the price of his competitors. The constant

marginal cost of one unit of any good is w. Therefore the optimal price

for the last innovator is γ w. At each point in time he makes profits:

(15) ΠL = (γ w − w)
E

γ w
=

(
1− 1

γ

)
E

After the following innovation takes place, quality j + 1 is replaced

by quality j + 2 in the final good market At this point it is sold as an

input in the R&D market for the next n innovations.

Therefore total expected revenues of engaging in R&D for the dis-

covery of quality j + 1 are:

(16)

Vj+1 =

∫ ∞
0

e−rτ

[
e−(λyj+2)τΠL +

n+1∑
i=2

e−(λyj+i)τ
((λyj+i)τ)i−1

(i− 1)!
Πip

]
dτ
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This expression represents the expected value of the innovation j+1.

It is equal to the discounted expected profits from selling quality j + 1

as a quality leader in the consumption good market first, and then as

one of the n inputs producers for the next n innovations. The first term

inside the square bracket is the probability that nobody has discovered

quality j+2 at time τ , times the profits as quality leader in the market

for consumption. The second term is the probability that, at time τ ,

quality j+1 good is still in the R&D process, times the profits as input

producer. For quality j + 1 to be part of the R&D process we need

that: (i) quality j + 2 has already been invented; (ii) no more than n

innovations have been made after the invention of quality j + 1.

Substituting (14), (15) and the resource constraint2 into (16) and

solving for V in the balanced growth path, we obtain:

(17) V ∗ =
(γ − 1)w (L− y)

r + λy
+
λy2w

(
1−

(
λy
r+λy

)n)
n r(r + λy)(σ − 1)

The following result holds:

Proposition 2 (Decentralized Equilibrium). If a decentralized steady

state equilibrium exists, it is unique. The research effort yE is less than

optimal. yE is decreasing in r, and it is increasing in γ, λ and σ.

Proof. I find the equilibrium by equating the zero profit condition (13)

and the resource constraint (17). Because of constant returns to scale,

the zero profit condition (13) does not depend on y. The same is not

2Notice that E
γw in (15) is the quantity sold in the market for consumption good.

If the highest quality is j, then dj = E
γw = L− yj+1
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true for equation (17). In particular:

(18)

∂ V ∗

∂ y
=
w
(
λL
(

2r + λy −
(

λy
r+λy

)n
((2 + n)r + λy)

)
− nr(σ − 1)(γ − 1)(r + λL)

)
n r(r + λy)2(σ − 1)

This expression is negative if H is negative, where H is:

(19) H = −nθn + (1− θn)

(
2 +

θ

1− θ

)

with θ =
(

λy
r+λy

)
< 1. H is positive if and only if n < ( 1

θn
−1)

(
2 + θ

1−θ

)
.

We have
∂ [( 1

θn
−1)(2+ θ

1−θ )]
∂ θ

< 0 and, applying de L’Hospital, limθ→1

[
( 1
θn
− 1)

(
2 + θ

1−θ

)]
=

n. Therefore H is negative and so is (18).

Also, for y = 0, V ∗ is the discounted value of the infinite stream of

profits as leader in the consumption good: V ∗ |{y=0}=
(γ−1)wL

r
. And

for y = L, V ∗ |{y=L}=
λL2w(1−( λL

r+λL)
n
)

n r(r+λL)(σ−1)
> 0

Now we know that: (i) (13) is positive and constant in y; (ii) (17)

is positive for all y ∈ [0, L] and it is decreasing in y. Therefore there

exist an equilibrium if and only if V ∗ |{y=0}< V < V ∗ |{y=L}. In this

case the equilibrium is unique. Notice that, in the end, the existence

of the equilibrium depends on the value of L. Therefore an opportune

choice of L assures the existence and uniqueness of the equilibrium.

Also substituting the optimal value of R&D, y∗ (the one solving

the social planner problem), we get (17)<(13). This proves that the

decentralized level of research effort is suboptimal and it is lower than

y∗. Figure (1) depicts the uniqueness and the sub-optimality of the

equilibrium.

The effects of r, γ, λ and σ on yE follows from straightforward ap-

plications of the implicit function theorem.
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Figure 1

That, in the presence of infinite patents, the decentralized equilib-

rium delivers an insufficient level of R&D is new. The previous litera-

ture on quality-ladder based growth, by ignoring the ”anti-commons”

effect studied here, concluded that, depending on different constella-

tions of parameters, R&D effort could be higher, equal or lower than

socially desirable. This paper shows that incorporating a more realistic

R&D production function, where IPRs affect both cost and revenues

of the innovator, leads to a different conclusion. Patents of infinite

length always fail short of delivering the correct incentives to innovate

as the monopoly power they attribute to past innovators more than

compensate for the extra profits they bestow upon the current one.

The next section analyzes whether a finite patent length may achieve

the socially desirable innovation effort and, in that case, the properties

of the optimal patent length.

5. Decentralized Equilibrium With Finite Patent Length

This section analyzes the decentralized equilibrium when patents

have a finite life. Let the patent policy parameter φ > 0 represent

patent length. I assume that the innovator does not have any advantage
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over imitators so that, after the patent expires, a costless imitation

process immediately drives the price down to the marginal cost w.

We have seen in the previous section that when patents are infinitely

lived the research effort is lower than optimal. Therefore if a finite

patent length has to bring an efficiency gain, it must reduce the cost

of R&D more than it reduces the expected revenues. A necessary

condition for such a patent policy to exist is that its length is shorter

than the expected arrival rate of n innovations. To understand why, one

should look separately at the effects of the patent length on expected

revenues and expected cost. On the one hand, any finite patent length

reduces expected revenues: take for simplicity the case of an innovator

who makes profits until next innovation arrives. His expected profits

are the integral from zero to infinity of the period profits times the

probability that nobody innovates. Now introduce a patent of any

length. With a finite patent life, total profits are reduced because now

the integration lasts only until the patent expires.

On the other hand, expected cost is reduced only if at least one

research input runs out of its patent while it is still being demanded,

that is before n, or more, new goods have been invented following it.

When a new innovation process begins in the BGP, the lowest quality

research input is expected to have been discovered n
λy

time earlier.

Therefore introducing a finite patent life only reduces the expected

cost of R&D if φ < n
λy

, where n
λy

is the expected arrival rate of n

innovations. For these two opposite forces to have a positive net effect

the cost reduction must dominate the revenues’ reduction.

With finite patent life the representative consumer analysis stays the

same: he will only consume the good with the highest quality/price
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ratio. Because of the effects on cost and revenues from R&D, the

innovator’s problem changes. Equation (9) becomes:

(20) max
yj+1

Πφ = λ yφ,j+1Vφ,j+1 − cφ,j+1(yj)

The cost of R&D has also changed. Since the research inputs whose

patent expired are sold at marginal cost w, the new cost minimization

problem for the innovator is:

cφ,j+1 = min
{xi,x′j}

j−1∑
i=j−n

(pi xiIi + wx′i(1− Ii))(21)

s.t. n
ρ−1
ρ

(
j−1∑
i=j−n

xi
ρIi + (x′i)

ρ
(1− Ii)

) 1
ρ

≥ yj

where

(22) Ii =

 1 if φ <
∑j−i−1

k=0
1

λ yi+k

0 otherwise

is the indicator function for input i’s patent. It takes the value one if

the patent is still valid and zero if it expired. In equation (21), xi are

the inputs still covered by a patent and sold at a non-competitive price

pi, and x′i are the inputs whose patent has expired, so that they are

sold at marginal cost w.



20 STEFANO TRENTO

The solution to (21) gives the conditional factor demand for the two

types of inputs, xi and x′j, and the cost function of R&D y:

xi = n−
1

1−σ p−σi

(
j−1∑
i=j−n

p1−σ
i Ii + w1−σ (1− Ii)

) σ
1−σ

yj(23)

x′j = n−
1

1−σ w−σ

(
j−1∑
i=j−n

p1−σ
i Ii + w1−σ (1− Ii)

) σ
1−σ

yj(24)

cφ,j = n−
1

1−σ

(
j−1∑
i=j−n

p1−σ
i Ii + w1−σ (1− Ii)

) 1
1−σ

yj

where σ = (1 − ρ)−1 is the elasticity of substitution between the

inputs. The first order condition of (20) is:

(25)
∂cφ,j+1

∂yj+1

= λVφ,j+1

and again, because of constant returns to scale and free entrance, this

is the zero profit condition.

Balanced Growth Path. In order to find the steady-state equilib-

rium I follow the same steps as in the previous section: I first find the

equilibrium prices and demands, and then use the zero profits condi-

tions and the resource constraint to find the equilibrium in the balanced

growth path.

Because of the symmetry of the R&D production function, all inputs

covered by a patent have the same price, which is the usual mark up

over the marginal cost p = σ w
σ−1

. Substituting this equilibrium price

into (23) we obtain the inputs demand. Notice that, because inputs

are priced differently depending on being patent protected or not, the

demands will no longer be symmetric. Also, substituting the optimal

p in the cost function and solving the zero profit condition (25) in the
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balanced growth path for Vφ,j+1, we obtain:

(26) Vφ = (σ − 1)−2s−sn
1

σ−1wµ
(
n(σ − 1)2σs + (σ − 2)νλyφ

)
where µ =

(
n− λyφ+

(
σ−1
σ

)σ−1
λyφ

)σ/(σ−1)

, and ν = (σσ(σ − 1)− σ(σ − 1)s).

To obtain this condition we use the fact that, in the balanced growth

path, the fraction of inputs whose patent is still valid is φ
n/λy

.

Instantaneous profits for the input producer in the balanced growth

path are:

(27) Πφ,ip = (pi − w)xi = n1/(σ−1)(σ − 1)σ−1σσw y µ

where µ is as in (26).

As in the infinite patents case, the last innovator finds it profitable to

set the price γw. Instantaneous profits for the innovator as the quality

leader in the consumption good market is:

(28) Πφ,L = (γw − w)
E

γ w
=

(
1− 1

γ

)
E

Total expected profits for the successful innovator are:

(29)

Vφ,j+1 =

∫ φ

0

e−rτ

[
e−(λyj+2)τΠφ,L +

n+1∑
i=2

e−(λyj+i)τ
((λyj+i)τ)i−1

(i− 1)!
Πφ,ip

]
dτ

The solution to this integral along the balanced growth path, given

the resource constraint, is:

(30)

V ∗φ =

(
1− e−(λy+r)φ

)
(γ − 1)w (L− y)

r + λ y
+B

(
n1/(σ−1)(σ − 1)σ−1σsw y µ

)
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where µ is as in (26) and

B =
n∑
i=0

[(
λy

(λy + r)

)i+1
(

1− e−(λy+r)φ

n−i∑
j=0

(λyφ)j

j!

)]

−e
−(λy+r)φ

λy + r

(
(λyφ)n

n!
+

(λy)2φ

λy + r

) n∑
i=2

(λyφ)i

i!

Equations (26) and (30) determine the steady-state equilibrium level

of R&D yφ. (26) is strictly increasing in y, while (30) is decreasing in y

for y < n
φλ

, which is the only interesting case, since we have seen before

that the patent length must be shorter than the expected arrival rate

of n innovations. As in the case of the infinite patent length, a large

enough value of L assures that the two lines cross. Figure (2) shows

the steady state equilibrium where the two curves cross.

Proof. Proof in the Appendix

Figure 2

In what follows I present the results of some simulations that aim at

analyzing the characteristics of the optimal patent policy. The param-

eters have been chosen as follows: for the annual discount rate, equal

to the interest rate, I take values r ∈ [0.03, 0.05]. For γ and λ I used a

reasoning similar to Stokey (1995): the average annual rate of economic

growth due to technological progress is between 0.5 and 1 per cent. In
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the model the expected rate of economic growth is the probability of

innovation times the quality improvement λy(γ−1). Since y is endoge-

nous to the model it is complicated to calibrate the model to exactly

match the data on economic growth. There exist many values of γ and

λ that can match the data, therefore I let both parameters vary within

a reasonable range. I take λ ∈ [0.01, 0.02] and γ ∈ [1.2, 1.65]. The wage

rate does not affect the equilibrium, since it is just the numeraire in

the model. I take the elasticity of substitution between inputs σ = 4,

but then I run robustness check for σ ∈ [2, 5]. The number of inputs

entering the R&D process in the baseline case is 5, but I allow it to

increase up to 25. I take total labor L = 10 in order to get a stable

equilibrium as I run robustness checks for the parameters. I also let L

vary to study how this affects the optimal patent policy.

Although the quantitative results obviously change for different val-

ues of the parameters, the qualitative results are very robust. The main

result is the following:

Proposition 3. the level of R&D effort with finite patents (yφ) is hump

shaped in φ. No finite patent length reaches the optimal level of R&D

y∗, therefore the optimal patent policy (φ∗) is the one that maximizes

y.

Figure (3) depicts the efficient level of R&D y∗, the research effort

under infinite patent policy yE, and the research effort under finite

patent policy yφ, as a function of patent length.

A simple way to reach the efficient level of R&D in this model would

be to eliminate patent protection and give a fixed subsidy equal to y

(the cost of R&D effort) to all firms trying to innovate.
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Figure 3

A second interesting result is that the optimal patent length is de-

creasing in L. This is because a higher value of L implies a larger

market for the new innovation and more profits in the final good mar-

ket. This result is in line with the static model of Boldrin and Levine

(2005) who show that an increase in the market size for innovation

should be accompanied by a decrease of patent strength. Figure (4)

shows the negative relationship between L and φ∗.

Figure 4

6. Conclusions and Policy Implications

In this paper I investigate the effects of intellectual property rights

on economic growth when the latter is due to sequential innovations
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feeding on earlier ones. Previous models of endogenous innovation

abstracts from the fact that earlier innovations are inputs in the R&D

process for new ones, thereby assuming an increasing relationship be-

tween the length of the patent and the incentives to innovate. The

literature on static sequential innovation has made clear that, when

innovation is sequential, patents affect both the revenue from and the

cost of innovations. This is especially true in high tech sectors, where

many of the products and processes used in R&D are previous inno-

vation themselves, and therefore likely to be patent protected. In this

context, stronger patent protection does not necessarily increase the

incentives to innovate and it may well reduce it. We show that this

is the case in general, and especially so for a realistically calibrated

version of our model.

This is the first time in which this dual effect of IPRs on innovation

is considered in a dynamic general equilibrium setting, and the results

are novel. In particular, I find that, in the steady-state equilibrium,

an IPRs system with infinitely lived patents does not maximize either

social welfare or the rate of economic growth: it provides a level of

R&D which is too low.

I also analyze the steady-state balanced growth path with finite and

optimal patent life. I find that R&D effort is initially increasing and

then decreasing in patent length. This inverse-U shape is easily ex-

plained by two effects. Because of the, extreme, assumption of costless

and timeless imitation, zero patent protection results in no innovation.

As patent protection increases, the level of R&D steadily increases,

until it reaches its maximum at a level which is higher than its cor-

responding level with infinite patents. After that it slowly decreases
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until it reaches its infinite patent length equilibrium value. [I conjec-

ture that in the case in which imitation is neither costless nor timeless

(to be added) the relation between R&D intensity and patent length

may well become monotone decreasing at realistic parameter values.]

I also find that, under the maintained assumptions, there exists a

unique optimal finite patent length. This optimal length is decreas-

ing in the size of the market for the innovation. These findings are

important as they imply that, if the present patent length is optimal,

enforcing IPRs in developing countries should be accompanied by a

reduction of patent length in developed countries.

Two natural extensions of this model are being completed and will

be added in future versions. In the first I introduce specialized labor

into the R&D production function, in other words I assume that new

goods can be obtained either by means of patented inputs or by using

specialized labor to discover around existing patents, or a combination

of both. Because of the monopoly distortion created by the presence

of patents, the demand for specialized labor is higher than it would be

at the efficient allocation. Obviously, this has an effect on the wage

of the specialized labor, which is also higher than it would be in the

absence of patents. A second extension assumes that imitation is nei-

ther costless nor timeless. This provides the innovator with a first

mover advantage, yielding competitive rents and affecting the optimal

patent policy, which is now of a shorter length than in the baseline case.

I study the configurations of parameter values for which the optimal

patent length is zero, i.e. that competitive equilibrium yields the social

efficient allocation.
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