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Abstract

The Aumann & Drèze (1974) value and the Casajus (2007) value are
component-efficient coalition-structure values. The latter takes outside op-
tions into account. We present and axiomatize a variation of the Casajus
value that attributes exogenous payoffs to some agents. This coalition-
structure exogenous-payments value is then applied to a simple housing
market with a real-estate agent.
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1. Introduction

The aim of cooperative game theory is to suggest and defend payoffs for the
players that depend on the coalition function (characteristic function) describing
the economic, social, or political situation. In all solution concepts (seriously)
considered so far, every player’s payoff is determined endogenously. However,
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there are situations in real life where some players’ payoffs are exogenous. For
example, in many countries lawyers or real-estate agents obtain a regulated price
or a regulated percentage of the business involved. Very often, it is also determined
by law or custom who has to pay these regulated prices.
We will analyze these situations by way of cooperative game theory. The

basic ingredient is a player set N and a game (N, v) where v is called a coalition
function (or characteristic function); v attributes to every subset K of N (called
a coalition) the value v (K) ∈ R which represents the economic possibilities open
to K.
We assume a coalition structure (a partition) P on the player set N . The

elements of P are called components. For example, a seller of a house and a buyer
form a component of P. Then it is natural to look for component-efficient values,
i.e., values that distribute the worth of a component to the players in it; the seller
and the buyer share the gains from trade.
If the players outside a component do not matter for the distribution within,

the Aumann & Drèze (1974) value can be used. However, outside options are
often relevant as in the case of an extra seller who also tries to sell his house to
the buyer. Wiese (2007) and Casajus (2007) present component-efficient outside-
option values. We will base our work on the latter due to its nicer axiomatization.
Pursuing our example, consider again the seller and the buyer of the house.

Assume the existence of a real-estate agent who links these two players. The
seller, the buyer, and the real-estate agent form a component of P. The buyer
and the seller will have to pay the realtor according to exogenously given weights
summing up to 1. In Germany it is often the seller of a house who gives the
mandate to find a buyer to a realtor who will be paid by the buyer in case of a
deal. Thus, building on the Casajus value, we introduce exogenous payments and
exogenous weights to model this kind of situation.
We axiomatize our new value (called ξ-value) by (obvious variations of) the

Casajus axioms and introduce three additional axioms. First of all, we demand
that the payoffs under the ξ-value actually give the predetermined payoff to the
chosen players, i.e., the realtor’s fee to the realtor (axiom X). Second, we make
sure that the exogenous payments are made according to the exogenous weights
(axiom W). Finally, we impose a consistency axiom (axiom C): If the fee happens
to be the salary determined endogenously (i.e., according to the Casajus value),
then the other agents also obtain their Casajus values.
While the first part of the paper tackles the axiomatization, the second deals

with a simple housing-market model with a realtor. We assume a seller and a
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buyer who can strike a deal with some other not-too-good trading partners. A
real-estate agent can link these two agents who could not do business without the
agent’s help.
If the seller and the buyer decide to use the agent, they will do business with

each other and pay the agent. The agent’s fee is determined as a percentage of the
house price. We will see that the newly introduced value can be used to model
this situation. However, we will also endogenize the fee by assuming that the
realtor can determine the percentage. In the end, the payments are exogenous on
the level of our new value but not on the level of the overall model.
The set-up of the paper is this. In the next section, we provide the basic defin-

itions and notation. Section 3 introduces and axiomatizes the weighted coalition-
structure exogenous-payments value. We then apply this value to the housing
market in section 4. Section 5 concludes the paper.

2. Definitions and notation

A TU game (in coalition function form) is a pair (N, v) (often abbreviated by v)
where N = {1, 2, ..., n} is a finite set and v a function 2N → R such that v (∅) = 0.
The set of all games onN is denoted by GN . A payoff vector x for N is an element
of Rn or a function N → R. By xS we mean

P
i∈S xi. v is called inessential if

v (K) =
P

i∈K v ({i}) for all K ⊆ N .
Player i ∈ N is a null player if

v (K ∪ {i}) = v (K) for all K ⊆ N.

Two players i, j ∈ N are called symmetric if for all coalitions K obeying i /∈ K
and j /∈ K we have

v (K ∪ {i}) = v (K ∪ {j}) .
We denote the Shapley value by Sh (N, v) = (Shi (N, v))i∈N ∈ Rn.
Following Aumann & Drèze (1974), we define coalition structures: A coali-

tion structure P on N (sometimes written as (N,P)) is a partition of N into
components C1, ..., Cm :

P = {C1, ..., Cm} .
Thus,

Sm
j=1Cj = N, Cj ∩ Ck = ∅ for all j, k ∈ {1, ...,m} , j 6= k. The set of

all partitions on N is denoted by P. For any player i ∈ N , P (i) denotes the
component containing i. The tuple (N, v,P) is called a CS (coalition structure)
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game. The outside-option value by Casajus (2007) is also called the χ-value and
is given by

χi (N, v,P) = Shi (N, v) +
v (P (i))− ShP(i) (N, v)

|P (i)|

=
v (P (i))
|P (i)| +

∙
Shi (N, v)−

ShP(i) (N, v)

|P (i)|

¸
It is component efficient but takes outside options into account.
In our application, we will need a stability concept for partitions. It is im-

portant to note that a player i’s payoff under the χ-value or the ξ-value (to be
introduced shortly) depends on his component but not on how the players out-
side this component are organized. Thus, we can apply a simplified version (see
Wiese 2007) of the stability concept due to Hart & Kurz (1983):

Definition 2.1. A coalition structure P is stable for a CS value ϕ if there is no
coalition L such that all players from L profit from forming a component, i.e., if
for all L 6= ∅ we have

ϕi (v,P) ≥ ϕi (v, {L,N\L}) for some i ∈ L.

A component C is stable for a CS value ϕ if it belongs to a stable coalition
structure.

According to this definition, a partition P is not stable if some coalition of
agents can form a component so that all of them are better off under the new
partition.
We now refine this concept by assuming a preference for small stable coalitions.

This is particularly apt if the players are market participants and each seller sells
(at most) one indivisible good to a buyer. Informally, one could also justify this
definition by (very small) costs of organizing a coalition.

Definition 2.2. A component C is properly stable for a CS value ϕ if it is stable
for this value and if there is no stable component C 0 with C 0 ( C.

3. Weighted CS-XP games

3.1. Definition of weighted CS-XP games

We consider TU games enriched with a coalition structure (CS) P, and exogenous
payments (XP) π for some players from X and weights w = (wi)i∈N .

4



Definition 3.1. Weighted CS-XP (coalition structure, exogenous payments) games
are tuples

(N, v,P,X,π, w)
where

• (N, v) is a TU game,

• P is a coalition structure on N so that (N, v,P) is a CS game,

• X is a subset of N,

• π ∈ Rn is a vector specifying a payoff for every member of X (and for the
others, too), and

• w = (wi)i∈N ∈ Rn is a vector of weights such that for all i ∈ N, we have
P (i) \X 6= ∅ ⇒

P
i0∈P(i)\X wi0 6= 0 for all i ∈ N.

If w is equal-weights with respect to every component hostingX-players (i, i0 ∈
P (i) \X 6= P (i)⇒ wi = wi0), we write w̄ instead of w.
We call

• (N, v,P, X,π, w̄) =: (N, v,P,X,π) an (unweighted) CS-XP game,

• (N, v, {N} ,X,π, w) =: (N, v,X,π, w) a weighted XP game,

• (N, v,P, ∅,π, w) =: (N, v,P, ∅) a CS game, and

• (N, v, {N} , ∅,π, w) = (N, v) a game.

Note that we allow for negative weights. For any player i ∈ N , X (i) :=
X ∩ P (i) and D (i) := P (i) \X = P (i) \X (i) form a disjunct union of P (i)
where X (i) or D (i) may be empty. The underlying idea is this: If both X (i) and
D (i) are nonempty, the D (i)-players pay πX(i) according to their weights.
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3.2. Axiomatization

A weighted CS-XP value ϕ assigns a payoff vector to every weighted CS-XP
game, ϕ (N, v,P,X,π, w) ∈ Rn. We consider the following axioms (or families of
axioms):
Axiom X (exogenous payments): For all i ∈ X,

ϕi (N, v,P, X,π, w) =
½

πi, D (i) 6= ∅
ϕi (N, v,P, X\P (i) ,π, w) , D (i) = ∅

.

Axiom CE (component efficiency): For all i ∈ N,

ϕP(i) (N, v,P,X,π, w) = v (P (i)) .

Axiom CS (component symmetry): For all symmetric players i, j ∈
P (i) \X obeying wi = wj,

ϕi (N, v,P,X,π, w) = ϕj (N, v,P, X,π, w) .

Axiom W (weighing): For all players i, j ∈ P (i) \X,

wiϕj (N, 0,P, X,π, w) = wjϕi (N, 0,P,X,π, w) .

Axiom GN (grand coalition null player): If i ∈ N is a null player, then

ϕi (N, v, {N} , ∅) = 0.

Axiom A (additivity): For any coalition functions v0, v00 ∈ GN , any pay-
ments π0, π00 ∈ R|X| and any player j from N,

ϕj (N, v
0 + v00,P, X,π0 + π00, w) = ϕj (N, v

0,P,X,π0, w) + ϕj (N, v
00,P, X,π00, w) .

Axiom C (consistency): For any player i ∈ N,

ϕi
¡
N, v,P, X, (ϕx (N, v,P, ∅))x∈X , w

¢
= ϕi (N, v,P, ∅)

Axiom SP (splitting): If P is finer than P 0, then for all i, j ∈ P (i) \X
obeying wi = wj, we have

ϕi (N, v,P 0,X,π, w)−ϕi (N, v,P,X,π, w) = ϕj (N, v,P 0,X,π, w)−ϕj (N, v,P, X,π, w)
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Axioms CE for X = ∅, CS for X = ∅, GN, A for X = ∅, and SP for X = ∅ are
the axioms used by Casajus (2007). The very strong axiom SP introduces outside
options and is central to the Casajus’ axiomatization. Note that the splitting
axiom need not be true in case of wi 6= wj and for i, j ∈ X (consider P (i) = {i, j}
and P 0 (i) 6= {i, j}).
Axiom X imposes the exogenous payments π for the players in X if there

are nonexogenous players in the component who ensure component efficiency. If
a component consists of players with exogenous payments only, they have no
residual claimant to pick up the bill and their status of exogenous players is
withdrawn. Consider, for example, a civil servant or a real-estate agent who have
claims to a certain salary or fee. If there is no private sector or if there are no
sellers and buyers using the realtor’s services, the agents are not paid exogenously
any more but will have to obtain their payoffs in the same manner as players in
components without any exogenous players.
Axiom W ensures that the ratio of weights is equal to the ratio of payoffs in

a zero game. It is similar to the ”weighting of treatments” axiom by Haeringer
(1999). The consistency axiom is central to the theorem to follow; if the players
in X (happen to) obtain the value dictated by the axioms for CS games, so do the
other players. Consistency axioms have been surveyed by Thomson (1990) and
Driessen (1991).

Theorem 3.2. There is a unique weighted CS-XP value that satisfies the axioms
X, CE, CS, GN, A, C, SP, and W.

Proof. Since the axioms CE for X = ∅, CS for X = ∅, GN, A for X = ∅, and
SP for X = ∅ are the axioms for Casajus’ χ-value, we have

ϕi (N, v,P, ∅) = χi (N, v,P) .

Since Casajus’ proof uses the payoffs for players belonging to one component, this
equality also holds for X 6= ∅ and any player i ∈ N for whom P (i) ∩X = ∅ (*).
We now assume X 6= ∅ and a player i ∈ N. We consider three cases:

Case Ia: D (i) 6= ∅ and i ∈ X
Case Ib: D (i) 6= ∅ and i /∈ X
Case II: D (i) = ∅ (which implies i ∈ X)

In case Ia, axiom X implies ϕi (N, v,P, X,π, w) = πi. For cases Ib and II we
obtain

ϕi (N, v,P, X,π, w)
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= ϕi

³
N, v,P, X,

¡
χj
¢
j∈X , w

´
+ ϕi

³
N, 0,P,X,π −

¡
χj
¢
j∈X , w

´
(axiom A)

= χi (N, v,P) + ϕi

³
N, 0,P,X,π −

¡
χj
¢
j∈X , w

´
(axiom C)

and case Ib leads to

χi (N, v,P) +
1P

i0∈D(i)wi0

X
i0∈D(i)

wi0ϕi

³
N, 0,P, X,π −

¡
χj
¢
j∈X , w

´
(
X
i0∈D(i)

wi0 6= 0)

= χi (N, v,P) +
1P

i0∈D(i)wi0

X
i0∈D(i)

wiϕi0
³
N, 0,P, X,π −

¡
χj
¢
j∈X , w

´
(axiom W)

= χi (N, v,P) +
wiP

i0∈D(i)wi0

¡
χX(i) − πX(i)

¢
(axiom CE)

while case II implies

χi (N, v,P) + ϕi

³
N, 0,P,X\P (i) ,π −

¡
χj
¢
j∈X , w

´
(axiom X)

= χi (N, v,P) + χi (N, 0,P) (*)
= χi (N, v,P) .

Summing up, we have

ϕi (N, v,P,X,π, w) =

⎧⎨⎩
πi, case Ia
χi (N, v,P) + wiP

i0∈D(i) wi0

¡
χX(i) − πX(i)

¢
, case Ib

χi (N, v,P) , case II

=

⎧⎨⎩
πi, i ∈ X and D (i) 6= ∅
χi (N, v,P) , i ∈ X and D (i) = ∅
χi (N, v,P) + wiP

i0∈D(i) wi0

¡
χX(i) − πX(i)

¢
, i /∈ X

For X = ∅, our value equals the χ-value so that GN is fulfilled. In order to
show the splitting axiom consider partitions P and P 0 (with P finer than P 0) and
players i, j ∈ P (i) \X obeying wi = wj. By

ϕi (N, v,P 0, X,π, w)− ϕi (N, v,P, X,π, w)
= ϕj (N, v,P 0, X,π, w)− ϕj (N, v,P,X,π, w)
⇔ χi (N, v,P 0) +

wiP
i0∈D(i)wi0

¡
χP0(i)∩X − πP0(i)∩X−

¢
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−
Ã
χi (N, v,P) +

wiP
i0∈D(i)wi0

¡
χP(i)∩X − πP(i)∩X

¢!
= χj (N, v,P 0) +

wiP
i0∈D(i)wi0

¡
χP0(i)∩X − πP0(i)∩X

¢
−
Ã
χj (N, v,P) +

wiP
i0∈D(i)wi0

¡
χP(i)∩X − πP(i)∩X

¢!
⇔ χi (N, v,P 0)− (χi (N, v,P)) = χj (N, v,P 0)−

¡
χj (N, v,P)

¢
our splitting axiom is reduced to the Casajus one. The other axioms can easily
be confirmed.
We call our value the “ξ-value”. If we restrict attention to the trivial partition,

we obtain the weighted XP-value which is easily characterized by the axioms of
theorem 1 (let P = {N}) with the exception of the splitting axiom. It is a
Shapley-like value that gives π to players from X.

3.3. Stability

Proposition 3.3. Consider a TU game (N, v) , a subset X of N, vectors π ∈ Rn
and w ∈ Rn. ξ-stable coalition structures exist if

1. X = ∅,

2. v is inessential, or

3. πi ≤ χi (N, v, {Ki, N\Ki}) for all i ∈ X and all Ki obeying i ∈ Ki ⊆ X.

Proof.

1. In case of X = ∅, the ξ-value is the χ-value and Casajus (2007, Theorem
6.1) contains the proof.

2. If v is inessential, P = {{1} , ..., {n}} is an example for a stable coalition
structure.

3. If we have πi ≤ χi (N, v, {Ki, N\Ki}) for all i ∈ X and all Ki obeying
i 3 Ki ⊆ X, we can apply the Casajus argument twice, to the players from
X and to those from N\X. We then obtain two subpartitions, one of X
and one of N\X whose union is a partition of N. We only need to check
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that there is no coalition containing players from both X and N\X that can
improve the lot of all its players. However, this is ruled out by inequality
πi ≤ χi (N, v, {Ki, N\Ki}) .

4. A housing market with an intermediary

4.1. The players

We now turn to the application of our value to a very simple housing market. This
is done for two reasons. First, we like to show our value in action. Second, our
value is embedded in a larger model where it represents the bargaining stage, the
last of three stages. The payments that are exogenous at the third stage become
endogenous in the overall model.
We now introduce the five agents, defend the coalition function in the next

subsection and present the time structure of the model in the subsection after
next. In the following subsections, we employ a standard backward induction
argument.
The five agents of our model are two sellers of a house, two buyers, and a

real-estate agent. The real-estate agent is player A. The sellers are denoted by SL
and SH , the buyers by BL and BH . The sellers and buyers have reservation prices
given by the following table:

Agents SL SH BL BH
Reservation prices rL < rH < wL < wH

Reservation prices of sellers are denoted by r. The reservation prices of buyers
are also called willingness to pay and denoted by w. The indices L and H refer
to the seller or the buyer with that index. For example, wH is the willingness
to pay of buyer BH . Note that the inequalities imply that the gains from trade
are positive for any pair of seller and buyer. There may be several reasons why
reservation prices might differ between agents. For example, people may differ in
their income or their use for specific items. Also, people may agree to disagree
with respect to the value of assets. For ease of notation, we abbreviate

wL − rH by gHL,
wH − rL by gLH ,
wH − rH by gHH , and
wL − rL by gLL,
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where the g stands for ”gain from trade”. We find

gLL + gHH = gLH + gHL,

0 < gHL < gHH < gLH ,

0 < gHL < gLL < gLH , and

2gHL < gHH + gLL < 2gLH

Since our example is exemplary only, we make the readers’ life and ours easy by
assuming rL = 0, rH = 1

3
, and wH = 1. Then,

gHL = wL −
1

3
,

g13 = gLH = 1,

g23 = gHH =
2

3
and

g14 = gLL = wL,

where 1
3
≤ wL ≤ 1.

4.2. The coalition function

We now derive the coalition function which is motivated by the following story.
Buyer BH considers buying the house offered by seller SH while seller SL thinks
about dealing with buyer BL, i.e., the four market participants consider trading
”in circles” (see fig. 4.1). While we assume that BL and SH do know each other
(indicated by the dashed line at the bottom), we will see that BL will prefer to
do business with SL rather than with SH . The maximal gains from trade can be
achieved when seller SL sells to buyer BH . Players SL and BH get to know each
other only by help of the intermediary service provided by the real-estate agent.
We translate this story into a coalition function v given by

v (K) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, |K| ≤ 1
0, |K| = 2, A ∈ K
0, K = {SL, SH} , {BH , BL} , or K = {SL, BH}
gLH , K = {SL, BH , A} , {SL, SH , BH , A} , or {SL, BH , BL, A}

gHH,
K = {SH , BH} , {SH , BH , A} , {SH , BH , BL} , {SH , SL, BH} ,
or {SH , BH , BL, A}

gLL,
K = {SL, BL} , {SL, BL, A} , {SL, BH , BL} , {SH , SL, BL} ,
or {SH , SL, BL, A}

gHL, K = {SH , BL} or {SH , BL, A}
gHH + gLL, K = {SL, SH , BH , BL} or {SL, SH , BH , BL, A}
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BL  -  SL

A

BH  -  SH

Figure 4.1: The trading opportunities of sellers and buyers

Note that the fourth line implies that the realtor’s cost is zero. Note also that
v ({SL}) = 0 implies a normalization. If seller SL does not sell his house (i.e.,
keeps on living in his own house), he has no benefit. Similarly, v ({BH}) = 0
means that BH does not buy a house and can do something else with the money
he would have spent on the house.

4.3. The time structure of the model

Our model consists of three stages. At the first stage, the realtor decides on the
fraction f of the house price p he charges for his services. His profit is π = fp.
At the second stage, the sellers and the buyers decide whether they will indeed
do business with each other. This is the stage where the stability of partitions is
considered.
At the third stage, the seller and the buyer engage in a bargaining process. For

the purpose of bargaining, the four players will point out their outside options. For
example, when SL bargains with BL he will stress the gains from trade gLH > gLL
possible with a buyer such as BH . This holds even if the realtor is not involved.
That is, we assume that SL knows about such a buyer without knowing him
individually. We describe this process by way of the weighted CS-XP value.

4.4. The third stage: bargaining

Exogenous payments can only be made if the component {SL, BH , A} forms. The
payoff to the realtor is his profit π payable by the buyer. That is, we use the weight
vector w := (wSL, wBH , ...) = (0, 1, ...) . Note that the weights for players other
than SL and BH are irrelevant. If {SL, BH , A} does not form, there is no payment
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to the realtor and the other agents obtain their χ-payoffs. Since the payoffs for
players in a component do not depend on the structure of the partition outside
that component, it suffices to record the payoffs for players in components. We
can even restrict attention to singleton components (if an agent does not strike a
deal) or components of players who need each other in order to realize the gains
from trade.

Lemma 4.1. Consider exogenous payments for the real-estate agent. Then, we
find the payoffs:

• for any one-player component, the respective player obtains 0,

• for {SL, BH , A} :

ξSL (N, v, ·, {A} ,π, w) =
25

108
+
11

36
wL + w

µ
11

54
− 1
9
wL − π

¶
ξBH (N, v, ·, {A} ,π, w) =

83

108
− 11
36
wL − w

µ
11

54
− 1
9
wL

¶
− (1− w) (π)

ξA (N, v, ·, {A} ,π, w) = π

• for {SH , BL} :

ξSH (N, v, ·, {A} ,π, w) = − 1
12
+
3

8
wL

ξBL (N, v, ·, {A} ,π, w) = −1
4
+
5

8
wL

• for {SL, BL} :

ξSL (N, v, ·, {A} ,π, w) =
1

9
+
5

12
wL

ξBL (N, v, ·, {A} ,π, w) = −
1

9
+
7

12
wL

• for {SH , BH}:

ξSH (N, v, ·, {A} ,π, w) =
5

36
+
5

24
wL

ξBH (N, v, ·, {A} ,π, w) =
19

36
− 5

24
wL
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Thus, we have the payoffs in terms of π (and wL). In case of component
{SL, BH , A} , the seller SL pays wπ and the buyer (1− w)π.We will now calculate
the reduced-form payoffs by expressing π through f and p. Using

π = fp (the realtor’s profit) and

fp = (1− w)π (the buyer’s payments)

we obtain
w = 0 = a. (4.1)

The equilibrium house price can now be obtained from the seller’s rent

p∗ = p− rL − afp = ξSL =
25

108
+
11

36
wL > 0

so that we have the equilibrium payoffs

ξ∗SL (f) = p∗

ξ∗BH (f) = wH − p− (1− a) fp
= 1− (1 + f) p∗

= 1− (1 + f)
µ
25

108
+
11

36
wL

¶
π∗ (f) = fp∗

4.5. The second stage: stability of partitions

In order to prepare our stability result, we make some simple comparisons.

Lemma 4.2. Consider exogenous payments for the real-estate agent. Then,

• SL prefers

— to sell to BH rather than not selling (payoff 0) if

wL > −
25

33

— to sell to BH rather than selling to BL if

wL <
13

12
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• BH prefers

— to buy from SL rather than not buying (payoff 0) if

1− (1 + f)
µ
25

108
+
11

36
wL

¶
> 0

⇔ f <
83− 33wL
25 + 33wL

= −1 + 108

25 + 33wL

— to buy from SL rather than buying from SH if

1− (1 + f)
µ
25

108
+
11

36
wL

¶
−
µ
19

36
− 5

24
wL

¶
> 0

⇔ f <
52− 21wL
50 + 66wL

i.e., BH prefers to use the real-estate agent if

f <
52− 21wL
50 + 66wL

• the realtor agrees to help SL and BH to deal with each other for any f ≥ 0.

• SH prefers to sell to BH rather than to BL, and

• BL prefers to buy from SL rather than SH .

This paper concentrates on the policy persued by the real-estate agent. There-
fore, our main interest is whether or not the realtor gets involved, i.e., whether
{SL, BH , A} forms. By the above lemma, we find

Lemma 4.3. Consider any non-negative f set by the real-estate agent. Then,
{SL, BH , A} is stable if buyer BH agrees to buy the house from SL, i.e., if

f <
52− 21wL
50 + 66wL

.

holds. In that case, {SL, BH , A} is a properly stable component.

Partitions other than {{SL, BH , A} , {SH , BL}} or {{SL, BH , A} , {SH} , {BL}}
cannot increase the sum of payoffs but can only make sure that some players are
made better off at the expense of others. Thus, supersets of {SL, BH , A} cannot
be properly stable.
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4.6. The first stage: setting b

It is obvious that the real-estate agent maximizes his profit by letting

f∗ =
52− 21wL
50 + 66wL

.

By 1
3
≤ wL ≤ 1, we have 31

116
< f∗ < 5

8
. Note df∗

dwL
< 0. This is intuitive. The higher

wL, the higher gLL = wL − rL and the higher the outside options (from the point
of view of {SL, BH , A}) for seller SL who will be able to demand a higher price
p∗ = 25

108
+ 11

36
wL making the deal less attractive for buyer BH whose willingness

to pay for the realtor counts.

5. Conclusions

In this paper, we develop a coalition-structure exogenous-payments value. One of
the central axioms is axiom X. If all players in a comonent are exogenous, all of
them become endogenous. Of course, it would be feasible to make only some of
them endogenous. In order to do so we would need some (more or less) arbitrary
criterion on who is to be transferred to the other status. Sometimes, law or custom
may provide this criterion. One may also find payoff reasons associated with some
bargaining or voting procedure. However, these developments are outside the
scope of this paper.
We apply our value to the housing market in order to show that exogenous

payments can be made endogenous in a larger model. Of course, one might ask
why we should assume an exogenous payment if it is made endogenous later on.
Our example shows that this is a fruitful procedure. It allows us to put more
real-life flesh on the application of the value.
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